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SUMMARY
Graphene is renowned for its extraordinary mechanical, electronic, optical, and
thermal properties. However, the absence of a band-gap limits its usefulness in practical
applications. If it were possible to engineer graphene to exhibit a band gap, this would
open the doors to a wide range of applications for the material, such as use in sensors, solar
cells, and energy storage devices. This thesis attempts to definitively state the possibility of
opening a band gap through in-plane strain engineering of graphene. This is inspired by the
fact that the electronic properties of a number of materials have already been shown to be
influenced by deformations. In this work, electronic structure calculations based on Density
Functional Theory (DFT) in conjunction with finite deformation theory are employed to
determine the effect of in-plane strains on the band gap of graphene. It can be affirmed that
a band gap does not appear in graphene under uniaxial or biaxial strains, while moderate
gaps do appear under large shear strains (20%). Notably, significant band gaps have been
found to open under asymmetrical biaxial strain, particularly in the range of -15% to -20%
(compression) in the armchair direction. The highest gap obtained was approximately 1




The graphene revolution started in 2004 when individual layers were isolated using the
scotch tape technique [1, 2]. As a two dimensional hexagonal arrangement of carbon atoms,
graphene exhibits fascinating mechanical, electronic, optical, and thermal properties, while
remaining lightweight, flexible and strong [3, 4]. Among its notable electronic properties
is the high electron and hole mobility, allowing it to conduct electricity exceptionally well,
comparable to that of a metal [5]. This high charge mobility would be prized in electronic
devices if it could be accompanied by a band gap [4]. Efforts have been made to induce a
band gap in the material, such as epitaxial growth [6], bilayer graphene [7], applied electric
fields [8] and strain engineering [9, 10, 11, 12, 13, 14]. The various attempts at strain
engineering have included periodic inhomogeneous strains [9], uniaxial strain [10, 11, 12, 13],
and shear strains [14]. Large gaps can be achieved in carbon nanotubes, which are sheets
of graphene rolled into cylinders, as well as one dimensional nanoribbons, but the precision
involved with the production of these allotropes is restrictive [2, 15].
Through Density Functional Theory (DFT) [16] calculations, Ni et al. [10] originally
showed that a gap of approximately 0.3 eV opened for graphene under 1% uniaxial tensile
strain in the zigzag direction. However, after realizing an error in their calculations [17], they
concluded that the critical uniaxial strain required to open a band-gap is around 26.5%.
Using ab-initio calculations, Gui Gui et al. [11] showed that with a symmetrical strain
distribution (biaxial), graphene does not open a band gap. Under strain parallel to C-C
bonds (armchair direction) however, the band gap is 0.486 eV at 13.1% strain, and decreases
under larger deformation, and for strain perpendicular to C-C bonds (zigzag direction), the
band gap is 0.170 eV at 4.91% strain and decreases under larger deformation. Choi et al.
[12] determined from ab initio calculations that graphene remained semi-metallic (i.e. no
significant band gap) under uniaxial strain of up to 30%. Using the Tight-Binding method,
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Cocco et al. [14] found that gaps of up to 0.9 eV can be obtained under strain below the
failure point, and that the most effective way to control the gap opening is to combine a
shear and an armchair uniaxial deformation. Naumov and Bratkovsky [9] have found using
ab-initio methods that by using uniform strains, gaps do not occur, but that it is possible
to open a gap by a sine-like inhomogeneous deformation applied along a direction other
than armchair, with the largest gap along the zigzag direction. The consensus appears to
be that strain engineering of graphene is possible but not practical, as the strains necessary




As with many of the attempts mentioned in the previous chapter, we perform first principles-
based DFT [16] calculations. Specifically, we utilize the software ABINIT [18, 19] for per-
forming the electronic structure calculations. We envisage traversing the in-plane strain
space, in order to affirm whether practical strains indeed do not open a gap, or if there are
possibilities to do so that have not yet been discovered. We are limited to in-plane strains
due to the periodic boundary conditions imposed in the ABINIT software. Any out-of-plane
strains would be translated periodically across unit cells and would not have the effect of
bending or torsion, but rather of corrugation.
We begin by establishing the geometry of graphene that is necessary to translate into a
computational model. The distortion of this geometry is then performed methodically using
finite deformation theory. Since it is claimed that only strains exceeding the mechanical
limit open gaps, we will limit the definition of feasible strains to those below 20%, since the
mechanical limit of graphene is not significantly higher than 25% strain [20, 21] and higher
strains are inevitably more difficult to achieve in practice. Finally, the resulting data is
analyzed for feasibility, i.e. practical strains, and the opening of a band gap. The notation
used throughout will be a bar for vectors, ā, and bold face, A, for tensors and matrices.
2.1 Unit Cell
The crystal structure of graphene is arranged in a two dimensional hexagonal pattern [1, 2,
3, 4, 5], which is different from the three dimensional hexagonal close-packed (HCP) lattice.
From this structure, one can specify a primitive unit cell, which is a volume (in this case
area) constructed around a lattice point that fills all space when translated periodically. The
unit cell in Figure 1 was chosen to provide a symmetric working geometry. The resulting
























ā3 = c0(0, 0, 1),




Figure 1: One unit cell within the hexagonal structure, defined by ā1 and ā2. The atoms,
represented by blue circles, are positioned at (13 ,
1




3 , 0) in reduced coordinates
with respect to the lattice vectors; that is, 13 ā1 +
1
3 ā2 + 0ā3 is the position of the bottom
atom, and 23 ā1 +
2
3 ā2 + 0ā3 is the position of the top atom.
2.2 Deformation
The strains under consideration far exceed the limits of infinitesimal strain theory. Infinites-
imal strains are very small and only approximated to the first order by linear elasticity using
the Lagrangian strain tensor [22]:
E = FTF− I
≈ ε
4
where ε is the linear infinitesimal strain tensor. We run simulations for strains of up to 25%,
and therefore the deformation gradient F of finite deformation theory must be utilized. The
reference configuration is taken to be the one described by the undeformed lattice vectors
ā1 and ā2. To obtain the deformed configuration, the deformation gradient is determined







FTF = 2E + I
F = V(D)1/2VT
where ε11 is the strain in the zigzag direction, ε22 is the strain in the armchair direction,
ε12 = ε21 is the shear strain, D is a diagonal matrix containing the eigenvalues (principal
strains) of FTF, and V is a matrix whose columns are the eigenvectors (principal directions)
corresponding to the eigenvalues in D.




i , i = 1, 2, 3.
Note that ā′3 will always be (0, 0, 1) regardless of deformation.
2.3 Reciprocal Space and Brillouin Zone
Using the relation [23]
āi · b̄j = 2πδij ,
the reciprocal space vectors can be determined to be
b̄1 = 2π
ā2 × ā3













































Figure 2: The reciprocal space lattice in the shaded region defined by the vectors b̄1 and b̄2.
The high symmetry points are Γ, K, M, K’, and M’. The coordinates are found in a similar









K’ is 23 b̄1 +
1
3 b̄2 + 0b̄3, and M’ is
1
2 b̄1 + b̄2 + 0b̄3 or 0b̄1 +
1
2 b̄2 + 0b̄3.
2.4 Bloch’s Theorem Exploiting Periodicity
Given that the governing equation in DFT is an eigenvalue problem, Bloch’s Theorem [23]
can be used to reduce all the calculations to the unit cell.
Using the lattice and reciprocal vectors, as well as the wavefunction ψ(r̄), the eigen-
function relation u(r̄) = e−ik̄r̄ψ(r̄) where k̄ =
∑3
i=1 x̄ib̄i, and the translation operator
ψ(r̄ + āi) = e
ix̄iψ(r̄), we can use Bloch’s Theorem to establish periodic boundary con-
ditions:






In effect, any translation by a vector āi, i.e. a shift equal to the distance of one lattice, will
result in the same value for the eigenfunction ψ(r̄). In this way we can establish an infinite
space which repeats with periodicity ā.
2.5 Brillouin Zone Sampling
When studying materials, the band structure can be obtained from the high-symmetry
points of the Brillouin zone. Under different strains, however, and especially shear, the
points will not move in a manner that will be captured by only specifying the high symmetry
points, or straight lines between them, and under large deformations we must objectively
assume they could be anywhere in the Brillouin zone.The difficulty in finding the true
minimum band gap in strained graphene lies in accurately locating the correct k-point in
the Brillouin zone. Not locating this would result in detecting erroneously large band gaps.
The method conceived was to randomly sample the Brillouin zone with a large amount
of k-points in order to statistically reduce the likelihood of missing the point or area with
the lowest gap. After sampling the entire Brillouin zone, the k-point that contained the
lowest band gap was identified and more k-points were randomly sampled in a smaller area
in the vicinity of this point to further increase accuracy.
An inconvenience of ABINIT is that it fails to print out the k-point number in the output
file past 9,999 points. For this reason, coupled with the character size limits in the input
file which are rapidly surpassed with large amounts of k-points specified with 14 decimal
places, the decision was made to limit one input file to 9,999 k-points. To compensate,
several iterations would be run of each input file containing a unique deformation gradient,
each adding 9,999 more points to our data. Given the continuous and smooth nature of
the band structure, it is expected that nearby points that are not sampled will not have
band gaps that are drastically different. The result of this kind of sampling can be seen in
Figure 3.
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Figure 3: 9,999 k-points randomly generated in the upper half of the Brillouin zone shown
in Figure 2.
2.6 Generating Input Files and Defining the Strain Space
ABINIT input files were created by using MATLAB R© to simultaneously calculate all the
values derived from the deformation gradient and write the appropriate ABINIT commands
with their corresponding values to file. The decision was made to have a maximum strain
of 25%, since this is near the failure point of graphene, and any results past it would not
be useful. Each value must also have a corresponding negative value to account for both
tension and compression.
To illustrate, uniaxial strain in the zigzag direction was achieved by specifying the zigzag
component ε11 of the strain matrix and having that variable loop from -0.25 to 0.25 in steps
of 0.05. Setting ε = 0.25 is equivalent to saying 25% tensile strain. This results in separate
input files for -25%, -20%, -15%, etc. strain in the zigzag direction only. Combinations of
the variables for strain in the armchair direction and in shear can subsequently be added.
8
In order to cover the entire strain space, each possible permutation of these variables must
be generated, taking into account that ε12 = ε21. The step value was chosen as 5%, since
these loops create 1,331 permutations. Steps of, for example, 1% would generate 132,651
permutations. Considering that each permutation is an input file that needs to run for
several hours and the memory that the resulting output files occupy, this level of refinement
would be too great computationally. Therefore calculations with steps of 5% were done,
again with the expectation that any change in band gap is continuous and not sporadic,




In this chapter, the results of the effect of strain on the band gap of graphene are presented.
A convergence study is first conducted to obtain the necessary variables to use in ABINIT.
The band gaps for uniaxial, biaxial, shear, and angular strain are calculated, as well as for
the total strain space.
3.1 Convergence
The psuedopotential used for calcuations was from Troullier and Martins [24], created with
the JL Martins psp generator. This pseudopotential uses the local density approximation
(LDA) [25] of the exchange correlation energy functional. LDA approximations are known
to underestimate band gaps, and results are expected to be lower than the experimental
value [26, 27].
In order to ensure that the computational model represented in ABINIT is accurate,
certain variables need to be converged for a given pseudopotential. We use the periodic
boundary conditions described in Section 2.4 such that we can specify a single unit cell and
have it replicated periodically. Acell is the variable that multiplies the lattice vectors of
unit length by a scalar to achieve the correct unit cell size. The values are given as an array
where the value in acell multiplies the corresponding lattice vector value.
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Table 1: Convergence data for acell and ecut in graphene
Ecut Acell Energy Per Atom (eV) Binding Energy
Per Atom (eV)
Ecut Convergence 20 2.65998 2.65998 30 -155.60257 -10.15074
22 2.65998 2.65998 30 -155.60572 -10.15390
24 2.65998 2.65998 30 -155.60686 -10.15503
26 2.65998 2.65998 30 -155.60601 -10.15418
28 2.65998 2.65998 30 -155.60328 -10.15145
30 2.65998 2.65998 30 -155.60572 -10.15390
32 2.65998 2.65998 30 -155.60686 -10.15503
34 2.65998 2.65998 30 -155.60601 -10.15418
Acell Convergence 34 2.64 2.64 30 -155.60257 -10.15074
34 2.65 2.65 30 -155.60572 -10.15390
34 2.66 2.66 30 -155.60686 -10.15503
34 2.67 2.67 30 -155.60601 -10.15418
34 2.68 2.68 30 -155.60328 -10.15145
The variable ecut affects the accuracy of calculations as the planewave energy cutoff.
The total energy will decrease as ecut increases and approach the true minimum, and a
value needs to be found where the difference between the last two values is acceptably small
and the minimum is therefore closely approximated. The energy of a single Carbon atom
was found to be -145.45182 eV and is used in Table 1 by being subtracted from the total
energy per atom to obtain the binding energy per atom. The binding energy per atom has
converged at an energy cutoff of 34 Ha, with a 0.0016 eV difference between that and the
penultimate value.
From Table 1, The relationship of the value for acell vs. total energy was approximated
to the third order by f(x) = −23.65x3+208.39x2−606.62x+273.07. The goal of convergence
11
is to find the minimum energy, which is where the system is in equilibrium, and the distances
between atoms are the lattice constants. The minimum energy was found by taking df(x)dx =
0. The resulting critical point was 2.65998 Bohr, which gives the acell value for the zigzag
and armchair directions. 2.65998 Bohr is 1.4076 Å, which is in close agreement with the
experimental value of 1.42 Å. The stresses were also checked for this value, as they should
be negligibly small when acell is converged. The resulting stresses are (in GPa):
σ =

−4.83784E − 03 0 0
0 −4.83784E − 03 0
0 0 7.09922E − 02
 .
An arbitrarily large acell value of 30 Bohr was chosen for the out-of-plane direction, in
order to ensure that no interaction occurs between sheets. The values of acell are thus










2 , 0) are the lattice













ā3 = 30(0, 0, 1).
3.2 Uniaxial Strain







As seen in Figure 4, gap does not open under uniaxial strain in the zigzag direction.
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Figure 4: Strain vs. band gap for uniaxial strain in zigzag direction







As seen in Figure 5, gap of 0.2623 eV opens under 25% uniaxial strain in the armchair
direction. This is impractical however, considering graphene’s mechanical limits [21, 20].
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Figure 5: Strain vs. band gap for uniaxial strain in armchair direction
3.3 Biaxial Strain








As seen in Figure 6, gap does not open under biaxial strain. The results for uniaxial and
biaxial strain are in agreement with recent literature, as a gap begins to open well past 20%
strain [12, 9] in the armchair direction.
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Figure 6: Strain vs. band gap for biaxial strain
3.4 Shear Strain







As seen in Figure 7, gap of 0.4014 eV opens when ε=0.2 and -0.2. These are uniform strains
below the mechanical limit that open a band gap, contrary to claims in literature [9], but
are not extremely large, nor can they be modulated significantly.
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Figure 7: Strain vs. band gap for shear strain
3.5 Angular Uniaxial Strain
The strain tensor for angular axial strain was obtained by rotating the strain tensor for the
uniaxial case in the zigzag direction. Due to the symmetry of the hexagonal lattice, pulling
in the direction with angle α in the region bounded by the atom and midway between atoms
is equivalent to pulling in any other region in the direction α bounded by another atom and
midway to another atom. This means that i) the periodicity for pulling in the direction
of an angle θ is 30 ◦, and ii) it is equivalent to pick either the zigzag or armchair direction















This gives a rotation θ about the out-of-plane axis in the zigzag-armchair plane. The rotated
strain tensor is found by:
E′ = RERT
As seen in Figures 8, 9, and 10, a gap does not open under angular uniaxial tension.





















Figure 8: Angle vs. band gap for uniaxial strain when ε = 0.1
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Figure 9: Angle vs. band gap for uniaxial strain when ε = 0.15





















Figure 10: Angle vs. band gap for uniaxial strain when ε = 0.2
3.6 Traversal of In-Plane Strain Space
After the calculations for all the permutations mentioned in Section 2.6 were complete,
the resulting data were filtered to obtain strains that were of great interest. 13 input files
were identified, seen in Table 2, as having band gaps greater than 0.2 eV, while each of the
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principal strains associated with those deformation gradients were still under 20%. These
points indicated that asymmetrical biaxial strain would be the preferred method of opening
a band gap.
Table 2: States of strain with high band gaps
ε11 ε12 ε21 ε22 Band Gap (eV)
-0.15 -0.10 -0.10 0.10 0.4109
-0.15 -0.10 -0.10 0.15 0.6057
-0.15 0.10 0.10 0.10 0.4108
-0.15 0.10 0.10 0.15 0.6049
-0.10 -0.15 -0.15 0.05 0.5442
-0.10 0.15 0.15 0.05 0.5442
-0.05 -0.15 -0.15 0.05 0.4340
-0.05 -0.15 -0.15 0.10 0.2978
-0.05 0.15 0.15 0.05 0.4342
-0.05 0.15 0.15 0.10 0.2978
0.10 0 0 -0.20 0.9229
0.15 0 0 -0.20 0.3510
0.15 0 0 0.15 0.2485
3.7 Asymmetrical Biaxial Strain
Following the results of Table 2, calculations were refined to include all permutations of
biaxial strain in steps of 1%, while having a minimum of -0.2 and a maximum of 0.2 in both
armchair and zigzag directions. Asymmetrical biaxial strain in the armchair and zigzag








where εac 6=εzz. A band gap of 1.0087 eV has been observed in asymmetrical biaxial strain
with ε11= 0.11 and ε22= 0.2, seen in Figures 11 and 12. Any gap is routinely opened at the
M point, the high symmetry point corresponding to (12 ,
1













































































Table 2 indicates that it is possible to open and modulate a gap with a combination of
shear and biaxial strains. However, the highest band gaps are not found with shear present.
Furthermore, to obtain the highest gaps it is necessary that the strain in the armchair
direction be compressive and the strain in the zigzag direction tensile. We conclude that,
using Figures 11 and 12, it is possible to strain engineer graphene to exhibit a band gap of
up to ≈ 1 eV by using ε11 between ≈ 0.06 and ≈ 0.2 and ε22 between ≈ -0.12 and ≈ -0.2.
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APPENDIX A
SAMPLE ABINIT INPUT FILE
Abinit input file for 10% uniaxial strain:







shiftk1 0 0 0
ngkpt1 20 20 1
prtden1 1
toldfe1 1.0d-9
















# The remaining k-points have been suppressed due to space



















The following graphs depict the band structure of strained graphene for the four highest
band gap values obtained in Figures 11 and 12.
A B C D E A



















(a) ε11 = 0.1, ε22 = -0.2
A B C D E A



















(b) ε11 = 0.11, ε22 = -0.2
Figure 13: Band structure plots of a sample of strain states with high band gaps. A =
(0, 0, 0) B = (13 ,−
1












3 , 0). It can be seen that the
high symmetry points where the gap is 0 in unstrained graphene (A, B, C, D, and E) have
opened considerably, but the gap at the M point (12 ,
1
2 , 0) between C and D has closed from
≈ 4.1 eV in the unstrained system to the values shown above.
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(a) ε11 = 0.12, ε22 = -0.2
A B C D E A



















(b) ε11 = 0.11, ε22 = -0.19
Figure 14: Band structure plots of a sample of strain states with high band gaps. A =
(0, 0, 0) B = (13 ,−
1












3 , 0). It can be seen that the
high symmetry points where the gap is 0 in unstrained graphene (A, B, C, D, and E) have
opened considerably, but the gap at the M point (12 ,
1
2 , 0) between C and D has closed from
≈ 4.1 eV in the unstrained system to the values shown above.
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